Given an arbitrary p-Banach ideal (A, A) (0 < p ≤ 1), we ask for geometrical properties of (A, A) which are sufficient (and necessary) to allow a transfer of the principle of local reflexivity to (A, A).
Introduction
Given Banach spaces E, F and a maximal Banach ideal (A, A), we are interested in reasonable sufficient conditions on E, F and (A, A) such that (A, A) is accessible. In general it is a nontrivial subject to prove accessibility of maximal Banach ideals since non-accessibility only appears on Banach spaces without the metric approximation property, and in 1991, Pisier made use of such a Banach space (the Pisier space P ) to construct a non-accessible maximal Banach ideal (cf. [2] , 31.6). On the other hand, accessible Banach ideals allow a suggestive calculus which leads to further results concerning the local structure of operator ideals (e.g., a transfer of the principle of local reflexivity from the operator norm to suitable ideal norms A (cf. [2] , [8] , [9] , [10] and [11] 
)).
This paper is mainly devoted to the investigation of a class of (maximal) Banach ideals which do allow the transfer of the operator norm estimation in the principle of local reflexivity to the norm of the given operator ideal.
We only deal with Banach spaces and most of our notations and definitions concerning Banach spaces and operator ideals are standard and can be found in the detailed monographs [2] and [12] . However, if (A, A) and (B, B) are given quasi-Banach ideals, we will use the shorter notation (A d , A d ) for the dual ideal (instead of (A dual , A dual )) and the abbreviation A 1 shortened by A 1 ⊆ B, and if T : E −→ F is an operator, we indicate that it is a metric injection by writing T : E 1 ֒→ F . Each section of this paper includes the more special terminology which is not so common to specialists in the geometry of Banach spaces.
Minimal and maximal Banach ideals and their conjugates
Let E, F be arbitrary Banach spaces and T ∈ L(E, F ). Given a p-Banach ideal (A, A) (0 < p ≤ 1) and a q-Banach ideal (B, B) (0 < q ≤ 1), we can construct further ideals:
• T belongs to
• T belongs to A • B(E, F ) if there exists a Banach space G and operators R ∈ B(E, G) and S ∈ A(G, F ) such that T = SR. If we set A • B(T ) := inf{A(S) · B(R)}, the infimum being taken over all possible factorizations of T , then (A • B, A • B) is a r-Banach ideal, where
. Using Pisier's counterexample of a non-accessible maximal Banach ideal, it follows that there even exists a Banach ideal (A, A) such that (
, where (I ,I) denotes the class of all integral operators.
Using the class of all approximable operators (F , · ), important special cases of the previous constructions are given by:
-the minimal kernel of (A, A):
-the maximal hull of (A, A): Concerning a deeper investigation of local properties of operator ideals, two further important Banach ideals play a key role. As before, let (A, A) be a given p-Banach ideal (0 < p ≤ 1), E, F be arbitrary Banach spaces and T ∈ L(E, F ) (The notion of the conjugate of an operator ideal was introduced by Gordon, Lewis, Retherford (cf. [4] , [6] )).
• T ∈ A * (E, F ), if there exists a constant c ≥ 0 such that for all Banach spaces E 0 , F 0 and for all operators
where the infimum is taken over all such constants c, we obtain a Banach ideal (A * , A * ), the adjoint of (A, A).
•
where the infimum is taken over all such constants c, we obtain a Banach ideal (A ∆ , A ∆ ), the conjugate of (A, A).
On tensor norms and associated Banach ideals
First we recall the basic notions of Grothendieck's metric theory of tensor products (cf., e.g., [2] , [3] , [5] , [7] ), which will be used throughout this paper.
A tensor norm α is a mapping which assigns to each pair (E, F ) of Banach spaces a norm α(·; E, F ) on the algebraic tensor product E ⊗ F (shorthand: E⊗ α F and E⊗ α F for the completion) such that
Well-known examples are the injective tensor norm ε, which is the smallest one, and the projective tensor norm π, which is the largest one. For other important examples we refer to [2] , [3] , or [7] . Each tensor norm α can be extended in two natural ways. For this, denote for given Banach spaces E and F
where FIN stands for the class of all finite-dimensional Banach spaces. Let z ∈ E ⊗ F . Then the finite hull 
The injective norm ε is totally accessible, the projective norm π is accessible -but not totally accessible, and Pisier's counterexample implies the existence of a (finitely generated) tensor norm which is neither left-nor right-accessible (see [2] , 31.6). There exists a powerful one-to-one correspondence between finitely generated tensor norms and maximal Banach ideals which links thinking in terms of operators with "tensorial" thinking and which allows to transfer notions in the "tensor-language" to the "operator-language" and conversely. We refer the reader to [2] and [9] for detailed informations concerning this subject. Let E, F be Banach spaces and
Let α be a finitely generated tensor norm and (A, A) be a maximal Banach ideal. α and (A, A) are said to be associated, notation:
Important examples of Banach ideals are given by (I, I)
∼ π (integral operators), (L 2 , L 2 ) ∼ w 2 (operators which factor through a Hilbert space), (D 2 , D 2 ) 1 = (L * 2 , L * 2 ) ∼ w * 2 (2-dominated operators), (P p , P p ) ∼ g p \ = g * q (absolutely p-summing operators), 1 ≤ p ≤ ∞, 1 p + 1 q = 1, (L ∞ , L ∞ ) 1 = (P * 1 , P * 1 ) ∼ w ∞ and (L 1 , L 1 ) 1 = (P * d 1 , P * d 1 ) ∼ w 1 .
Accessible conjugate operator ideals
Let α be an arbitrary finitely generated tensor norm and (A, A) ∼ α the associated maximal Banach ideal. Accessibility conditions of tensor norms can be transfered to the operator ideal language in the following sense: F ) and ε > 0 there are N ∈ FIN(F ) and S ∈ L(M, N) such that the following diagram commutes:
and ε > 0 there are K ∈ COFIN(E) and S ∈ L(E/K, N) such that the following diagram commutes
(A, A) is totally accessible, if for every finite rank operator T ∈ F (E, F ) between arbitrary Banach spaces E, F and ε > 0 there are (K, N) ∈ COFIN(E)× FIN(F ) and S ∈ L(E/K, N) such that the following diagram commutes
The problem whether each maximal Banach ideal is accessible, was negatively answered by G. Pisier at Oberwolfach in 1991 (cf. [2] , 31.6): Let (A, A) be a given Banach ideal. Looking at the following "increasing sequence",
then it follows that:
• (A min , A min ) is accessible and in general not totally accessible.
• (A * △ , A * △ ) is right-accessible. In particular (A * △dd , A * △dd ) is accessible (cf. [9] , [10] ).
• (A * * , A * * ) = (A max , A max ) in general is not accessible.
Hence, the "larger" the ideal, the "fewer" accessible is it.
OPEN PROBLEM: Is (A * △ , A * △ ) always left-accessible?
Note, that if (A * , A * ) is right-accessible, then (A * * , A * * ) is left-accessible. In particular (A * △ , A * △ ) is left-accessible. Hence, if there exists a non-left-accessible conjugate of a maximal Banach ideal, then this ideal is not right-accessible. To solve this difficult problem, we look for conditions which are equivalent to the left-accessibility of (A * △ , A * △ ). To this end remember the 
A transfer of the principle of local reflexivity (from the classical operator norm) to arbitrary p-norms of operator ideals, which is directly related to the left-accessibility of conjugate operator ideals, is given in the following sense (cf. [9] and [10] ):
Definition 4.1: Let M and F be Banach spaces, M finite-dimensional, N ∈ F IN(F ′ ) and T ∈ L(M, F ′′ ). Let (A, A) be an arbitrary p-Banach ideal (0 < p ≤ 1) and ǫ > 0. We say that the principle of A-local reflexivity (short: A − LRP ) holds, if there exists an operator S ∈ L(M, F ) such that
Using an analogous proof as in [12] , ch. 28, it can be shown that for any p-Banach ideal (A, A), (0 < p ≤ 1), the A-LRP is already satisfied if only the conditions (1) and (2) of the previous definition are assumed (cf. [10] ). In which sense does this reflect accessibility conditions? The answer (cf. [10] ) is given by the following Theorem 4.3 Let (A, A) be an arbitrary p-Banach ideal (0 < p ≤ 1). Then the following statements are eqivalent:
To obtain operator ideals which satisfy the transfer of the norm estimation in the L-LRP to their ideal norm, we need further geometrical properties of such operators (for an interesting connection of the A-LRP for injective Banach ideals A with Grothendieck's inequality we refer the reader to [11] ). First let us note the following 
Therefore, for all finite operators we have obtained the following identities:
This theorem leads to the conjecture that A inj even is totally accessible, if we "only" assume that the A * -LRP holds; this conjecture remains still open. However, an additional extension property leads to further interesting aspects concerning relations between accessibility conditions and the local reflexivity principle for operator ideals. One example of a maximal and injective Banach ideal for which this extension property holds, is given by the class of all absolutely 2-summing operators: (P 2 , P 2 ) = (P * 2 , P * 2 ) satisfies the P 2 1 = P * 2 -EP. This follows immediately by a well known factorization theorem for absolutely 2-summing operators cf. ( [12] , 17.3.7) and the metric extension property of spaces of type C(K), where K is a compact space. Further examples are given by certain minimal Banach ideals: Let A ∼ α be associated. Then A inj * 1 = \A * ∼ \α * . By the representation theorem for minimal operator ideals the canonical map E ′⊗ \α * F → (\A * )
min (E, F ) is a metric surjection for all Banach spaces E and F (cf. [2] , 22.2). Since \α * is left-projective, it follows therefore that the (\A * ) min -EP always holds. Note that the L-EP is false, since there is no Hahn-Banach theorem for operators.
To prepare the proof of the following theorem, observe that for a given p-Banach ideal (A, A) we have the inclusion A 
֒→ E
∞ the canonical injection from the Banach space E into the Banach space E ∞ = C(B E ′ ). Given ǫ > 0, the assumption of the A-EP implies the existence of an operatorT ∈ A(E ∞ , N), such that T =T J E and A(T ) ≤ (1+ǫ)·A(T ). Since the dual of E ∞ has the metric approximation property, it follows that there exists a finite operator A ∈ F (E ∞ , E ∞ ), such thatT =T A and A < 1 + ǫ. Hence we obtain that T = Id NT AJ E ∈ A min (E, N) and
Since minimal p-Banach ideals are always accessible, the last estimation shows that A is left-accessible. A straightforward calculation shows that
Banach spaces E and F . Hence, the A-EP implies that
To prove statement (2), let E, F be arbitrary Banach spaces, ǫ > 0 and set B := A * △ . First we show that
To this end let T ∈ F (E, F ) and L ∈ F (F ′′ , E ′′ ) be arbitrary finite operators. By the assumed A * -EP there exists an operatorL ∈ A * ((
As in the proof of (1), we find an operator Recall the following (cf. [9] , Satz 3.10): The previous considerations naturally lead to the following (still unsolved) problem: Is it possible to drop the assumption "left-accessible" in the theorems 4.6 and 4.7 ?
